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Models of static wormholes within the f(R,T) extended theory of gravity are investigated and,
in particular, the family f(R,T) = R + λT , with T = ρ + Pr + 2Pl being the trace of the energy-
momentum tensor. Models corresponding to different relations for the pressure components (radial
and lateral), and several equations of state (EoS), reflecting different matter content, are worked
out explicitly. The solutions obtained for the shape functions of the generated wormholes obey
the necessary metric conditions, as manifested in other studies in the literature. The respective
energy conditions reveal the physical nature of the wormhole models thus constructed. It is found,
in particular, that for each of those considered, the parameter space can be divided into differ-
ent regions, in which the exact wormhole solutions fulfill the null (NEC) and the weak energy
conditions (WEC), respectively, in terms of the lateral pressure. Moreover, the dominant energy
condition (DEC) in terms of both pressures is also valid, while ρ + Pr + 2Pl = 0. A similar solu-
tion for the theory Pr = ω1ρ + ω2ρ
2 is found numerically, where ω1 and ω2 are either constant or
functions of r, leading to the result that the NEC in terms of the radial pressure is also valid. For
non-constant ωi models, attention is focused on the behavior ωi ∝ rm. To finish, the question is
addressed, how f(R) = R + αR2 will affect the wormhole solutions corresponding to fluids of the
form Pr = ω1ρ+ω2ρ
2, in the three cases mentioned above. Issues concerning the nonconservation of
the matter energy-momentum tensor, the stability of the solutions obtained, and the observational
possibilities for testing these models are discussed in the last section.
PACS numbers:
I. INTRODUCTION
It should come as no surprise that, in the recent literature, a large number of works are devoted to modified
theories of gravity, for these theories have proven to be very efficient at solving some important problems that
General Relativity has to face up. In particular, the accelerated expansion of the Universe, which, when General
Relativity is considered, has to rely necessarily on a dark energy component of unknown nature. This was one of
the first motivations that led to formulate modifications of the General Relativity paradigm. A key aspect of such
modifications, when aiming at cosmological applications, is to obtain a convincing model for a repulsive force, which
would provide a solution fitting the astronomical observations; i.e, able to explain, to start with, the accelerated
expansion of the recent past, present, and future Universe. Modified theories of gravity have been intensively tested
in light of cosmological and astrophysical observational data, coming out of various sources. Moreover, they had been
used intensively to construct viable models of the early Universe and of cosmic inflation. On top of that, they have
been used, too, to model compact objects and to understand the physics of singularities. Each modification of gravity
brings along its own interpretation of the energy content of the Universe, responsible for its dynamics and specific
physical properties. For instance, in the case of modifications of the geometrical part of the theory, as it happens with
f(R) and f(T) gravity theories (which eventually can be associated to dark energy), the part of the energy source is
going to have a geometrical origin. Some discussion of these topics can be found in Refs. [1] - [25]. On the other hand,
extended theories of gravity can be constructed not only in the way already mentioned of modifying the geometry, but
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2also from the consideration of extra material contributions. We could expect that these material corrections would
come from the existence of imperfect fluids. On the other hand, quantum effects, such as particle production can also
be a motivation to consider matter content modified theories of gravity. Some relevant studies on this topic can be
found in Refs. [26] - [37].
In general relativity, a wormhole is a hypothetical object that is able to connect asymptotic regions of a single
Universe. This imaginary object can work as a tunnel, which may even connect two distinct Universes. The concept
of a wormhole is a most popular and intensively studied one in General Relativity research, and in modified theories
of gravity, too. The minimal surface area of the attachment connecting the two regions is known as the throat of the
wormhole. In spite of the intensive studies, its nature is not completely understood, yet. In the literature, wormholes
are usually classified into two separate groups, namely of static and of dynamic wormholes, respectively. Pioneering
work on static wormholes is due to Morris and Thorne, who demonstrated that matter inside them has negative
energy, thus violating the null energy condition (NEC) [38]. Trying to develop exact wormhole models, with the
possibility either to minimize or even to completely cure this violation, has been one of the most active objects of
study in the field, in the last few years.
Such aim has been fulfilled, in particular, in modified gravity theories [39] - [49] (to mention a few). One may even
expect that primordial wormholes might be present at the very early Universe, where quantum effects play an essential
role [42] (and references therein for some initial discussion and results on this issue). On the other hand, if we introduce
a scale factor into the original Morris-Thorne metric (Eq. (7)), this gives rise to an evolving relativistic wormhole
model (dynamical wormhole model, see for instance [50] and reference therein). In the recent literature there is an
intensive activity related to objects of this kind, as speculating on their existence, in special, with matter satisfying the
weak energy condition (WEC) or the dominant energy condition (DEC). Moreover, recently too, dynamical wormholes
have been treated in terms of a two fluid system. Other interesting studies of traversable wormholes have been carried
out in the context of non-equilibrium thermodynamics in the presence of adiabatic particle creation [51] - [57] (to
mention a few works, only).
Our specific goal in this paper is to construct exact wormhole models assuming different possibilities for their
matter content. Concerning the results obtained, we will be able to construct two exact wormhole models using
specific connections between radial and lateral pressures. Moreover, we will deduce that the model parameter space
can be divided into different regions, where only the NEC in terms of the radial pressure will be violated (actually
the DEC in terms of the lateral pressure is violated in one of the models, too), while the other energy conditions will
remain valid. On the other hand, we will numerically construct, in addition, three new wormhole models, in which
all energy conditions will be fulfilled. Only for some values of the model parameters will the DEC in terms of radial
and lateral pressures be violated. On the other hand, when considering f(R) = R + αR2, instead of f(R) = R, then
we will find three models with Pr = ω1ρ+ ω2ρ
2 (where ω1 and ω2 can be also ∝ rm) for which we will get wormhole
solutions, too. Moreover, for one of the solutions to be encountered, only the NEC in terms of Pr is violated locally,
but far from the throat, while the other energy conditions will be violated everywhere, including the throat of the
wormhole. In the other wormhole solution, the energy conditions will all be violated only locally, far from the throat
of the wormhole. This behavior has been observed for a shape function of the form b(r) = r0/r and for different values
of the parameter α, introduced in accordance with the form of f(R). A general comment may be here in order. We
should note that all our solutions will be functions of the λ parameter to appear in the corresponding F (R, T ) theory
to be considered, and also on the parameters defining the fluids, so that they will be generic functions of the new
theories (T plays a definite role). Also, It can be seen from the shape functions for each case that we have results,
which are different from those of the F (R) case, being the specific cases discussed in correspondence with particular
values of λ. In addition, the traversability of the wormholes will strongly depend on those values of λ, and this cannot
be reached by simply adjusting the values of the parameters defining the fluids.
The contents of the paper are organized as follows. In Sect. II we present the detailed form of the field equations
to be solved, indicating the conditions to satisfy. In Sect. III, two exact models for wormholes will be presented,
followed with a discussion on the validity of the energy conditions, taking into account two specific forms of the
connection between the Pl and Pr pressures. In Sect. IV, three wormhole candidate solutions for the modified gravity
considered, are discussed, an outcome of a precise numerical study of the equations. In this case, too, we will see that
the parameter space can be divided into different regions, and will obtain a solution which satisfies all the energy
conditions. Furthermore, three wormhole solutions for the fluid models, with given Pr, in the case of f(R) = R+αR
2,
will be analyzed in Sect. V, for b(r) = r0/r as the shape function. Finally, the last section contains a closing discussion
and conclusions.
3II. WORMHOLE METRIC AND THE FIELD EQUATIONS
We will concentrate on one class of f(R,T) theories, namely of the kind given by a total action of the following
form [26]
S =
1
16pi
∫
d4x
√−gf(R,T) +
∫
d4x
√−gLm, (1)
where f(R,T) is an arbitrary function of the Ricci scalar, R, and of the trace of the energy-momentum tensor, T ,
while g is the metric determinant, and Lm the matter Lagrangian density, related to the energy-momentum tensor as
Tij = − 2√−g
[
∂(
√−gLm)
∂gij
− ∂
∂xk
∂(
√−gLm)
∂(∂gij/∂xk)
]
. (2)
Now, if we assume that Lm depends on the metric components only, we get
Tij = gijLm − 2∂Lm
∂gij
. (3)
On the other hand, variation of the action Eq. (1) with respect to the metric gij yields the following field equations
fR(R,T)
(
Rij − 1
3
Rgij
)
+
1
6
f(R,T)gij = 8piG
(
Tij − 1
3
Tgij
)
− fT (R,T)
(
Tij − 1
3
Tgij
)
− fT (R,T)
(
θij − 1
3
θgij
)
+∇i∇jfR(R,T), (4)
with fR(R,T) =
∂f(R,T)
∂R , fT (R,T) =
∂f(R,T)
∂T and
θij = g
ij ∂Tij
∂gij
. (5)
To obtain from here the wormhole solutions, we assume that Lm = −ρ, in order not to imply the vanishing of the
extra force, and f(R,T) = R+ 2f(T ), with f(T ) = λT (λ is a constant); we rewrite the above equations as follows
Gij = (8pi + 2λ)Tij + λ(2ρ+ T )gij , (6)
Gij being the usual Einstein tensor. A comment is here in order. One can guess that the constraints on λ may be
important, in some regions at least, from local observations, but these do not exclude the theory as such, as one can
realize by looking to the relevant bibliography on the subject, as mentioned above. The fluid approximation is not
excluded from the analysis, although its range of applicability is actually relevant under rather extreme conditions.
As commonly are, one should not forget, those leading to the existence of wormholes (and of black holes too, by the
way, for a different case, but related, at least in this sense). On the other hand, note that on setting Lm = −ρ we are
considering a particular case of the theory, which corresponds indeed to well-behaved, specific fluids with admissible
equation of state leading to this result. There is no problem with general covariance; this is just an example case,
leading to a certain solution.
In the present section we will briefly address basic issues concerning the metric and the conditions that the solutions
of Eq. (6) should satisfy in order to lead to wormholes. In parallel, we will present the final form of the field equations for
the class f(R,T) of modified gravities considered. The static spherically symmetric wormhole metric in Schwarzschild
coordinates (t, r, θ, φ) is [38]
ds2 = −U(r)dt2 + dr
2
V
+ r2dΩ2, (7)
where dΩ2 = dθ2 + sin2θdφ2 and V = 1 − b(r)/r. The function b(r) is termed the shape function, since it actually
corresponds to the spatial shape of the wormhole. The redshift function U(r) and the shape function b(r) must obey
the following conditions [38]:
1. The radial coordinate r lies between r0 ≤ r <∞, where r0 is the throat radius.
42. At the throat, r = r0, b(r0) = r0, and for the region outside of the throat, 1− b(r)/r > 0.
3. b′(r0) < 1, with ′ = d/dr, i.e. should obey the flaring out condition at the throat.
4. For asymptotic flatness of the space-time geometry, the limit b(r)/r → 0, as |r| → ∞ is required.
5. U(r) must be finite and non-vanishing at the throat r0.
It is known that if we consider U(r) = const., then we can achieve the de Sitter and the anti-de Sitter asymptotic
behaviors. Following Refs. [58] and [59], we will consider U(r) = 1.
Now, if we take into account the form of the metric, Eq. (7), then for the three components of the field equations,
Eq. (6), after some algebra we get [45]
b′
r2
= (8pi + λ)ρ− λ(Pr + 2Pl), (8)
− b
r3
= λρ+ (8pi + 3λ)Pr + 2λPl, (9)
b− b′r
2r3
= λρ+ λPr + (8pi + 4λ)Pl. (10)
To derive the above equations, we have considered an anisotropic fluid displaying a matter content of the form
T ij = diag (−ρ, Pr, Pl, Pl), where ρ = ρ(r) is the energy density, while Pr and Pl are the radial and the lateral pressures,
respectively. They are measured orthogonally to the radial direction. The trace T of the energy-momentum tensor
turns out to be T = −ρ+ Pr + 2Pl. Moreover, Eq.-s (8) - (10) admits the solutions
ρ =
b′
r2(8pi + 2λ)
, (11)
Pr = − b
r3(8pi + 2λ)
, (12)
and
Pl =
b− b′r
2r3(8pi + 2λ)
. (13)
The consistency of these equations with the condition on the matter Lagrangian density to depend on the metric
components only, and the form for the energy-momentum tensor of the matter field, have been checked.
In the next section, imposing two relations between Pl and Pr, we will obtain exact wormhole models. On the
other hand, in Sect. IV a specific relation between Pr and ρ will be assumed and numerical analysis will allow us to
construct wormhole models not violating any of the energy conditions. In Ref. [45], for the same f(R,T) gravity as
here, exact wormhole models have been discussed, for Pl = nPr and Pr + ω(r)ρ = 0. In the last part of this paper,
we will deal with wormhole solutions, again obtained numerically, for f(R) = R + αR2 and for some fixed relations
between Pr and ρ.
III. MODELS OF EXACT WORMHOLES
In this section, we investigate the existence of wormholes and its construction, achieved after involving different
assumptions about the matter content of the cosmological model considered. In particular, we will discuss exact
wormhole models derived from two specific assumptions concerning the relation between Pl and Pr.
5A. Model with Pl = nPr + αP
2
r
As first model, we assume that the pressures Pl and Pr are related as
Pl = nPr + αP
2
r , (14)
being n and α two constants. This relation can be understood as a part of a more general one, namely Pl =
∑
niP
i
r ,
a polynomial presentation of the dependence between the pressures. In this sense, we simply restrict our attention
to the model with only the first two terms of this polynomial. The form of Pl given Eq. (14), together with Eq. (12)
and Eq. (13), allows us to determine the form of b(r), which in this model reads
b(r) =
1
Ar−2n−1 + b1r−3
, (15)
where A is an integration constant, while b1 =
α
2(λ+4pi)(n−1) . On the other hand, the form of b(r) allows to obtain the
final forms of ρ, Pr and Pl, as follows
ρ =
A(2n+ 1)r2n+2 + 3b1r
4n
2(λ+ 4pi) (Ar2 + b1r2n)
2 , (16)
Pr =
1
−2A(λ+ 4pi)r2−2n − 2b1(λ+ 4pi) , (17)
and
Pl =
α− 2A(λ+ 4pi)nr2−2n − 2b2(λ+ 4pi)n
4(λ+ 4pi)2 (Ar2−2n + b2)
2 . (18)
The left plot of Fig. (1) describes the graphical behavior of the shape function b(r), which clearly satisfies the
well-known condition b(r) < r, as it should be. On the other hand, from the same plot it is clear that the solution of
b(r) satisfies 1− b(r)/r > 0, for r > r0. In this particular case, the throat of the wormhole is formed at r0 ≈ 1.1144.
The flaring out condition at the throat has also been checked, giving b′(r0) ≈ 0.494. This analysis proves that we
have constructed an exact viable model of a wormhole, described by Eqs. (15) - (18). Moreover, the rhs plot of Fig. 1
visually shows that ρ ≥ 0, for A = 1.0, α = −0.5, λ = −1.2, and for different values of the parameter n.
FIG. 1: The behavior of the shape function b(r) for model 1 is depicted on the lhs plot. The same plot clearly shows that the
solution, Eq. (15), for b(r), satisfies 1− b(r)/r > 0, when r > r0. From the rhs plot we see that ρ ≥ 0, for A = 1.0, α = −0.5,
λ = −1.2, and for different values of the parameter n (r is given in [km]).
Now, let us concentrate our attention on the graphical behavior of the other energy conditions, obtained as follows:
ρ+ Pr =
Anr2n+2 + b1r
4n
(λ+ 4pi) (Ar2 + b1r2n)
2 , (19)
6ρ+ Pl =
2A(λ+ 4pi)(n+ 1)r2n+2 + r4n(α− 2b1(λ+ 4pi)(n− 3))
4(λ+ 4pi)2 (Ar2 + b1r2n)
2 , (20)
ρ− Pr = A(n+ 1)r
2n+2 + 2b1r
4n
(λ+ 4pi) (Ar2 + b1r2n)
2 , (21)
and
ρ− Pl = 2A(λ+ 4pi)(3n+ 1)r
2n+2 + r4n(2b1(λ+ 4pi)(n+ 3)− α)
4(λ+ 4pi)2 (Ar2 + b1r2n)
2 . (22)
FIG. 2: The behavior of the null energy condition (NEC i.e ρ+ Pr) in terms of the Pr pressure, as given by Eq. (19), for the
model 1 is depicted on the upper-left plot. The behavior of NEC (ρ + Pl) in terms of the Pl pressure, as given by Eq. (20),
is represented on the upper-right plot. The bottom panel corresponds to the dominant energy condition (DEC), ρ − Pr and
ρ− Pl, in terms of Pr and Pl, as given by Eq. (21) and Eq. (22), respectively. The bottom-left and the bottom-right plots are
for DEC, again in terms of Pr and Pl, respectively. r is in [km], while pressure and the energy densities are dimensionless.
The top panel of Fig. 2 is a surface plot of thel behavior of the NEC in terms of Pr (upper-left) and Pl (upper-right),
while the DEC in terms of Pr (bottom-left) and Pl (bottom-right), respectively, is depicted on the bottom panel of
Fig. (2). Analysis of the four plots proves that it is possible to choose the model parameters in such a way that we
can get a wormhole model for which only the NEC in terms of Pr and the DEC in terms of Pl are violated, while the
WEC in terms of Pl remains valid. It is also possible to have that only the NEC in terms of Pr is violated, while the
other energy conditions are still valid. In other words, we have been able in this case to construct an exact wormhole
model violating the NEC only, while maintaining the validity of the WEC.
7B. Model with Pl = nPr + αr
mP 2r
We are also able to find exact wormhole solution by considering the following relation between the pressures Pl and
Pr, namely
Pl = nPr + αr
mP 2r . (23)
In this case the shape function reads
b(r) =
1
Ar−2n−1 + b1rm−3
, (24)
where b1 =
α
(λ+4pi)(m+2n−2) .
FIG. 3: The graphical behavior of the shape function b(r) for model 2 is depicted on the lhs. The same plot demonstrates
that the solution, Eq. (24), for b(r) satisfies 1− b(r)/r > 0, for r > r0. The rhs plot shows that ρ ≥ 0 for A = 1.0, n = −0.2,
α = 1.5, λ = −1.2, and for different values of the parameter m. r is in [km].
The behavior of b(r) isdepicted on the lhs plot of Fig. 3. Similar to the previous model, we see that for appropriate
values of the parameters, it is possible to satisfy b(r) < r and 1 − b(r)/r > 0, for r > r0. The flaring out condition
at the throat has also been checked, giving b′(r0) ≈ 0.468. The right plot of Fig. (3) shows that ρ ≥ 0, for A = 1,
n = −0.2, α = 1.5, λ = −1.2, for different values of the parameter m. Using the form of b(r) obtained, Eq. (24), we
can calculate
ρ =
A(2n+ 1)r2n+2 − b1(m− 3)rm+4n
2(λ+ 4pi) (Ar2 + b1rm+2n)
2 , (25)
Pr =
1
−2A(λ+ 4pi)r2−2n − 2b1(λ+ 4pi)rm , (26)
and
Pl =
rm+4n(α− 2b1(λ+ 4pi)n)− 2A(λ+ 4pi)nr2n+2
4(λ+ 4pi)2 (Ar2 + b1rm+2n)
2 . (27)
In order, to understand what happens now with the energy conditions, let us calculate ρ+ Pr, ρ+ Pl, ρ− Pr and
ρ− Pl. We obtain
ρ+ Pr =
2Anr2n+2 − b1(m− 2)rm+4n
2(λ+ 4pi) (Ar2 + b1rm+2n)
2 , (28)
ρ+ Pl =
r2n
(
2A(λ+ 4pi)(n+ 1)r2 + rm+2n(α− 2b1(λ+ 4pi)(m+ n− 3))
)
4(λ+ 4pi)2 (Ar2 + b1rm+2n)
2 , (29)
8FIG. 4: The graphical behavior of the null energy condition (NEC) in terms of the Pr pressure, given by Eq. (28), for model 2
is depicted on the upper-left plot. The graphical behavior of the NEC in terms of the Pl pressure, given by Eq. (29), is shown
on the upper-right plot. The bottom panel corresponds to the dominant energy condition (DEC) in terms of the Pr and Pl
pressures, given by Eqs. (30) and (31), respectively. The bottom-left and the bottom-right plots correspond to the DEC in
terms of the pressures Pr and Pl, respectively. r is in [km], while pressure and the energy densities are dimensionless.
ρ− Pr = 2A(n+ 1)r
2n+2 − b1(m− 4)rm+4n
2(λ+ 4pi) (Ar2 + b1rm+2n)
2 , (30)
and
ρ− Pl =
r2n
(
2A(λ+ 4pi)(3n+ 1)r2 − rm+2n(α+ 2b1(λ+ 4pi)(m− n− 3))
)
4(λ+ 4pi)2 (Ar2 + b1rm+2n)
2 . (31)
The graphical behavior of the energy conditions given by the equations above is shown in Fig. 4. We see that only
the NEC in terms of Pr (upper-left plot) is violated. The NEC in terms of Pl, and the DEC in terms of Pl and
Pr are still valid, yielding a WEC in terms of Pl which is valid, too. It should be mentioned that, for both models,
ρ + Pr + 2Pl is exactly 0. Moreover, we have noticed that the parameter m cannot change the nature of the energy
condition.
9IV. MODELS WITH Pr = ω1ρ+ ω2ρ
2
In this section we present the results coming from a numerical study of a wormhole model described by the following
general expression for the Pr pressure
Pr = ω1ρ+ ω2ρ
2. (32)
Here ω1 and ω2 can be either constant or are allowed to depend on r. Fluids of these types have been intensively, and
very successfully, considered in cosmology. We start the numerical analysis of the model for the case when ω1 and ω2
are constant.
One interesting wormhole solution, with this particular type of matter, has been obtained for λ = −15, ω1 = 0.32
and ω2 = 1.1. Moreover, in this case the throat of the wormhole occurs at r0 = 1.11. The graphical behavior of the
shape function b(r) is depicted on the left plot of Fig. 5. It should be remarked that we have obtained a solution
satisfying all the conditions mentioned in section II. Study of the energy conditions as given on the rhs plot of Fig. 5
proves their validity. On the other hand, an extended analysis concludes that the values of ω1 and ω2 can just violate
the DEC in terms of Pl and Pr. Anyhow, in these cases the NEC and WEC will still be valid, with ρ+Pr + 2Pl = 0.
FIG. 5: Graphical behavior of the shape function b(r) for model 3 (left plot). The same plot demonstrates that the solution for
b(r) satisfies 1− b(r)/r > 0, for r > r0. The right plot shows the validity of the WEC, DEC, and NEC for λ = −15, ω1 = 0.32
and ω = 1.1. r is in [km].
Using numerical analysis, we have also obtained wormhole solutions for the following two equations of state de-
scribing the matter of the wormhole:
Pr = ω1r
mρ+ ω2ρ
2, (33)
and
Pr = ω1ρ+ ω2r
mρ2. (34)
The graphical behavior of b(r) and the energy conditions for both cases are given in Fig. 6. For both cases, the
corresponding solutions had been obtained for λ = −15, ω1 = 0.32, ω2 = 1.1,m = 1.5, and the wormhole develops at
r0 = 1.11. These numerical solutions are interesting since they provide valid energy conditions. Moreover, during the
numerical analysis we have seen that the parameter space for all three cases can be divided into several regions, where
some of the energy conditions remain valid and some of them are violated. From this perspective, since the EoS of
the wormhole matter is not very well constrained and understood, we are not able to definitely indicate which of the
observed scenarios corresponds to a real, feasible case. On the other hand, we have obtained new wormhole models
with a very rich spectrum of possible behaviors that according to the new observational data can be constrained
again, with the final aim of assessing their viability.
V. WORMHOLE MODELS WITH R+ αR2 + 2f(T ) GRAVITY
In the preceding sections, we have already mentioned some good reasons why is it interesting to consider theories
of gravity with a modified matter part. In fact, in the recent literature, there is a good amount of excellent studies
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FIG. 6: Graphical behavior of the shape function b(r) for the model described by Eq. (33) (upper-left plot). From the plot we
see that the solution for b(r) satisfies 1− b(r)/r > 0, for r > r0. The upper-right plot shows the validity of the WEC, DEC, and
NEC for λ = −15, ω1 = 0.32, ω = 1.1 and m = 1.5. The bottom plot depicts the corresponding behavior, for the alternative
model given by Eq. (34). r is in [km], while pressure and the energy densities are dimensionless.
justifying the consideration of different forms of f(R) gravity (see appropriate references at the end of this paper). The
need to take into account quantum effects can also be invoked as a reason to consider modifications of the geometrical
part of the gravity equations. The most important example in this direction is the very well know R+αR2 Starobinsky
model [60]. This is the model of inflation preferred by theoreticians. The wormhole solutions considered in Sects. III
and IV are based on a very simple modification of this model, which actually simplifies the resulting field equations.
In any case, even with these simplified field equations, one realizes that to construct exact wormhole models for a
chosen EoS can still be very difficult. This is the main reason why we will have to deal numerically with the wormhole
models under study there, and only a few of them will be obtained in an analytical way.
The goal in this section is to study wormhole models corresponding to the theory
f(R, T ) = R+ αR2 + 2f(T ), (35)
where the same assumptions taken into account earlier in this paper are implied. Before starting the analysis in
this case, let us derive the expressions of some key quantities obtained from the definitions for the wormhole metric
Eq. (7), which we will use. In particular, the form of the Ricci scalar in this case reads
R =
2b′
r2
. (36)
On the other hand, for fR, we have
fR =
(
1− b
r
)(
f ′R
r
+ f ′′R +
f ′R(b− rb′)
2r2(1− b/r)
)
, (37)
while
∇1∇1fR = f
′
R(b− rb′)
2r2(1− b/r) + f
′′
R, (38)
11
∇2∇2fR = r
(
1− b
r
)
f ′R, (39)
∇0∇0fR = 0 and ∇3∇3fR = r
(
1− br
)
f ′R sin
2 θ. After some algebra, we obtain
b′
r2
= 8piρ− α
2
R2 − λT +fR, (40)
− b
r3
= 8piPr + 2λ(Pr + ρ) +
α
2
R2 + λT + 2αR
(
b− rb′
r3
)
+
+
b− rb′
2r2
f ′R +
(
1− b
r
)
f ′′R −fR, (41)
and
b− rb′
2r3
= 8piPl + 2λ(Pl + ρ)− αRb+ rb
′
r3
+
α
2
R2 + λT +
1
r
(
1− b
r
)
f ′R −fR. (42)
FIG. 7: Graphical behavior of the null energy condition (NEC i.e ρ + Pr) in terms of the pressure Pr for the model with
Pr = ω1ρ+ ω2ρ
2, for different values of α. r is in [km], while pressure and the energy densities are dimensionless.
From the three equations above it is easy to see that even if we will assume a relation, for instance, between Pl
and Pr as it has been done already, then in order to find b(r) we need to solve a third-order differential equation. In
general, for some simple cases we can expect to find exact solutions. In addition to this, imposing the assumptions
concerning the EoS leaves us, generically, only one option, namely to study the models numerically. However, in the
case of the considered form for the shape function b(r), it is possible to obtain exact expressions for ρ, and the Pr
and Pl pressures. For instance, in the case when b = r0/r with EoS given by Eq. (32), we can obtain a wormhole
solution (two solutions, actually), with
ρ1,2 = −
ω1 + 1∓ A0(λ+4pi)r8
2ω2
, (43)
and
P 1,2l =
B0
2λ
± A0
2ω2λr8
, (44)
where A0 =
√
(λ+ 4pi)r8 ((λ+ 4pi)r8(ω1 + 1)2 − 4r0ω2 (r4 − 40αr2 + 44αr0)), B0 = − (λ+4pi)(ω1+1)ω2 +
2α(61λ+156pi)r20
(λ+4pi)r8 −
8α(13λ+32pi)r0
(λ+4pi)r6 +
2(λ+2pi)r0
(λ+4pi)r4 . From the above equations it is easy to see that, for instance, for ω2 < 0 and ω1 >
−1± A0(λ+4pi)r8 , we can take ρ1,2 > 0.
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Fig. 7 shows the behavior of ρ+Pr obtained from Eqs. (43) and (44), for ρ1 and P
1
l . In particular, we have observed,
that the parameter α in front of R2 can actually affect the null energy condition. The plot in Fig. 7 shows explicitly
that, for some values of the parameter, the NEC in terms of Pr can be violated, for some values of r. However, this is
a local violation, which induces also local violations of the DEC and WEC in terms of both pressures. This is a very
interesting situation, since we have seen above that in the case f(R) = R we can have a wormhole solution satisfying
all energy conditions. The values of the parameters are fixed exactly as it has been done for the same fluid model
when dealing with the case f(R) = R.
A. Models with ωi ∝ rm
Now, let us briefly discuss the results obtained for the other two fluid models. The way we consider the shape
functions allows us obtain expressions for Pr, Pl, and ρ. In particular, for the model given by Eq. (33), we obtain
ρ1,2 = −
ω1r
m + 1± A1(4pi+λ)r8
2ω2
(45)
and
P 1,2l =
B1
2λ
∓ A1
2λω2r8
, (46)
where A1 =
√
(λ+ 4pi)r8
(
(λ+ 4pi)r8 (ω1rm + 1)
2 − 4r0ω2 (r4 − 40αr2 + 44αr0)
)
, B1 = − (λ+4pi)(ω1r
m+1)
ω2
+
2α(61λ+156pi)r20
(λ+4pi)r8 − 8α(13λ+32pi)r0(λ+4pi)r6 + 2(λ+2pi)r0(λ+4pi)r4 .
A careful study leads to the conclusion that, for the case of the wormhole solution given by ρ1 and P
1
l of Eqs. (45)
and (46), all energy conditions will be locally violated, and that this violation occurs far from the throat of the
wormhole. Again, as in the case of the previous model, this violation comes from the α parameter of the R2 term.
On the other hand, if we consider the wormhole solution given by ρ2 and P
2
l of Eqs. (45) and (46), respectively, then
even for the values of α for which the NEC in terms of Pr is valid, other energy conditions are violated. A similar
situation has been observed also for the model given by Eq. (34), for which we have obtained
ρ1,2 =
r−m−8
(−(λ+ 4pi)r8(ω1 + 1))±A2
2(λ+ 4pi)ω2
, (47)
and
P 1,2l =
B2
2λ
± r
−8−mA2
2λω2
. (48)
A2 =
√
(λ+ 4pi)r8 ((λ+ 4pi)r8(ω1 + 1)2 − 4r0ω2rm (r4 − 40αr2 + 44αr0)) and B2 =
2λr0(r4−52αr2+61αr0)+4pir0(r4−64αr2+78αr0)
(λ+4pi)r8 − (λ+4pi)(ω1+1)r
−m
ω2
.
VI. DISCUSSION AND CONCLUSIONS
In this paper we have constructed a number of wormhole models corresponding to f(R,T) extended theories of
gravity, with f(R,T) = R + λT , being T = ρ + Pr + 2Pl the trace of the energy momentum tensor. This particular
modification of gravity comes from extra contributions to the matter part. They could be related to the existence of
imperfect fluids. On the other hand, quantum effects, such as those involved in particle production, can be another
important motivation to consider modified theories of gravity with different matter content.
Two exact wormhole models have been constructed, assuming the following relations between the radial and the
lateral pressures Pl = nPr + αP
2
r and Pl = nPr + αr
mP 2r . For the first model, in particular, we have seen that the
NEC in terms of the radial and DEC in terms of the lateral pressures can be violated, while the WEC in terms of
Pl is still fulfilled. On the other hand, in the case of the model with Pl = nPr + αr
mP 2r , we have seen that only the
NEC in terms of the radial pressure can be violated.
In the second part of the paper we have numerically constructed, in addition, three other wormhole models by
assuming that Pr = ω1ρ+ ω2ρ
2, where ω1 and ω2 can be either constant or depend on r. In the case of non-constant
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ωi models, we have focussed our attention on the following form for ωi ∝ rm. Detailed numerical study of these
three models led to the conclusion that we can have wormhole solutions, and that it is possible to satisfy all energy
conditions. Moreover, the parameter space can be divided into several regions, where some of the energy conditions are
still valid. For instance, we have observed that, for appropriate values of the parameters, we can obtain a wormhole
solution with valid NEC, WEC, and SEC, while only DEC is violated. On the other hand, we observed that for
negative ω1 and ω2 it is possible to obtain wormhole solutions satisfying all energy conditions at the throat of the
wormhole, albeit they are bound to be violated, locally, far from the throat.
Finally, we have also considered wormhole solutions constructed numerically for the fluids given by Pr = ω1ρ+ω2ρ
2,
where ω1 and ω2 can be either constant or depend on r (ωi ∝ rm) in the case of f(R) = R + αR2. For a specific
form of the shape function, namely b(r) = r0/r, we observed that one of the solutions describes a wormhole for which
only the NEC in terms of Pr is violated, namely locally and far from the throat. On the other hand, other energy
conditions are violated everywhere for appropriate values of the parameters of the model. However, for the other
solution we have shown, that if the parameters of the model are such that all energy conditions are valid, in the
case of f(R) = R, then, now in the case of f(R) = R + αR2 the energy conditions are locally violated, owing to the
parameter α.
We should note that all our solutions are functions of the λ parameter appearing in the corresponding F (R, T )
theory considered, and also on the parameters defining the fluids, so that they will be generic functions of the new
theories (T plays a definite role). Also, It can be seen from the shape functions for each case that we obtained results,
which are different from those of the F (R) case, being the specific cases discussed in correspondence with particular
values of λ. In addition, the traversability of the wormholes strongly depends on those values of λ, and this cannot
be reached by simply adjusting the values of the parameters defining the fluids.
Now, let us summarize some perspectives concerning possible future studies in order to demonstrate the validity
of the wormhole solutions here obtained. The present work is in principle a purely theoretical one, demonstrating
the possibilities of new departures from previous studies existing in the recent literature. The resulting solutions
are interesting in view of future development to be pursued in this direction and closely related to the direct or
indirect observational detection of wormholes. The confirmation of the wormhole detection is not only important for
constraining the wormhole matter EoS, but it could be also used in order to constrain underlying theories of gravity.
The new data from the cosmological observations available today will provide very tight constraints on the underlying
theories of gravity. Moreover, the confirmation of the wormhole detection can bring new results into particle physics
and physics of gravitational waves.
One of the possibility to detect wormholes could be related to its lensing properties, as compared to a huge amount
of high-quality observational data existing today. The lensing data has been intensively used in the recent literature
with the aim to constrain different theories of gravity and related cosmological models. From this perspective, we have
a real possibility to impose tight constraints on the wormhole matter equation and on the wormhole physics. Also, it
should be mentioned that another interesting approach in this direction would be the study of the particle creation in
wormhole space-times. The existing limitations with this approach, again, are related to the undetected nature of the
wormholes. Theoretically, we can use lensing data and study the particle creation which, in our opinion it can affect
the lensing properties of wormholes at least in two ways. In particular, during particle creation, the wormhole can
become unstable in one case due to the direct process of the particle creation and in the second case due to feedback
from the metric, owing to particle creation. Moreover, more complicated and interesting situation could be observed
steming from the highly non-linear physics, establishing some interplay between these two cases. One can assume
also that the physics developed in such scenarios would be observed on cosmological scales, for instance in terms of a
negative pressure i.e. as a contribution to dark energy. We believe that in all mentioned cases the lensing properties
of the wormhole will be changed and the observational data would be able to provide valuable hints on this issue.
Moreover, in this scenario, another key aspect is correctly to closely model the particle creation rate.
Another important issue one must address in wormhole theories is that of the possible nonconservation of the
matter energy-momentum tensor. It is known that in case of modified theories of gravity the validity of the energy
conditions can be achieved due to the extra term appearing, related to the modification of gravity. However, the
matter contribution itself still can violate the energy conditions. In this regard, the extra term coming from the
modification of gravity may act as a source and may be used to mediate particle creation. Eventually, in order to
study this particle creation, one could resource to the generalized Tolman-Oppenheimer- Volkoff equation, which
provides the conditions under which the wormhole solution is stable. Moreover, the balance violation between the
gravitational, hydrostatic, and anisotropic forces would be a direct hint towards a rigorous formulation of wormhole
physics. We are aware of these situations, which lie beyond the scope of the present work and will be addressed in
future work.
We must also mention that our initial analysis shows that the wormhole solutions here obtained can indeed be
stable, due to the balance that can be stablished between the gravitational, hydrostatic, and anisotropic forces.
Further detailed studies in this direction, including the above considered one of particle creation in wormhole space-
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time metrics, for the cases here studied and their effects on the lensing properties of the wormholes will be the subject
of a separate research. At this stage of the study, since the EoS is not well understood and constrained, we cannot
definitely conclude which one of the solutions presented in this paper is the most feasible as a working model for
the cosmos. We hope that in the near future, with the help of more observational data, including lensing data,
of substantially better quality, we will be able to assess the final validity of the models considered in this paper.
Moreover, in forthcoming works, we expect to report on further analysis of these fluids, extended to include other
forms of the shape function in order to better constrain the viability domain of the wormhole solutions.
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